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Loi gidi de thi Olympic Toan hoc Qubéc té
IMO 2025

DAY 1

Bai 1. Mot dudng thang trong mit phang toa do dude goi 1a duong dnh ndng néu
né khong song song véi truc z, truc y hay duong thang z + y = 0.

Cho s6 nguyén duong n > 3 c¢6 dinh. Xac dinh tat cd cac so6 nguyen khong am k
sao cho ton tai n dudng thang phan biét trong mit phing toa do théa man dong
thoi hai diéu kién sau:

e V6i moi s6 nguyén duong a va b ma a +b < n+ 1, diém (a;b) ndm trén it
nhat mot trong n dudng thing do;

e Ding k trong s6 n dudng thang la duong 4nh ning.

\

L&i giai: V6i n = 3. Ta c6 cac diém (a,b) théa man a + b < n + 1 va a, b nguyén duong
la A(1,1), B(1,2), C(2,1), D(1,3), E(3,1), F(2,2).
Gia sit ¢6 3 duong thang dy, ds, ds trong d6 c6 ding 2 duong dnh ning ds, ds. Khi d6 méi
dudng trong 2 dudng dy,ds chi c6 the di qua t6i da 2 diém (do cac duong cé thé di qua
3diem la x =1,y = 1,2 +y = 4 déu khong 1a duong dnh ndng).
Khi d6 d; phai di qua it nhat 2 diém. Ta xét 3 truong hop clia d;:
TH1: d; ¢6 dang x = c. Do d; di qua it nhat 2 diém nén c € {1,2}.
TH1.1 ¢ = 1. Khi d6 d; di qua A, B, D va do ds, ds chi ¢6 thé di qua t6i da 2 diém nén
ta gia st dy di qua 2 trong 3 diém C, E, F.
Tuy nhién dudng néi 2 trong 3 diém nay déu khong 1 dudong dnh ndng nén mau thuin.
TH1.2 ¢ = 2. Khi d6 d, di qua C, F va do dy,ds chi c6 thé di qua téi da 2 diém phai
c6 dudng di qua 2 trong 3 diém A, B, D. Tuy nhién duong néi 3 diém nay ciing khong 1a
duong dnh ndng nén cling mau thuan.
TH2: d; ¢6 dang y = ¢. Tuong ty TH1 ta cling ¢6 mau thuan.
TH3: d; ¢6 dang = +y = ¢. Ta cling can ¢ € {3,4}.

Néu ¢ = 4, tuong tit TH1.1 ta c6 mau thuan.

Néu ¢ = 3, tuong tut TH1.2 ta c6 mau thuan.
Do d6 k khong thé bing 2.
Chon 3 duong x + 2y = 5; y + 22 = 5; x = y thi théa man c¢6 k = 3 duong dnh nding
Chon 3 dudng x = y; x = 1; y = 1 thi théa man c6 k = 1 dudng dnh ndng
Chon 3 duong x +y =4; v +y = 3; x +y = 2 thi théa man c6 k = 0 duong dnh ning
Vay véi n = 3, ta dugc céc gia tri k théoa méan la k € {0, 1,3}
Ta chitng minh bang quy nap theo n rang Vn > 3, cac gia tri k& théa man luon thuoc tap
{0,1, 3}
That vay, gia sit khang dinh ding dén n =¢ >3
Véin = t+1, xét bo 3¢ diém (1, 1), (1,2),. .., (1,t+1); (2,1),(3,1),..., (t+1,1); (2,1), (3, t—
1),...,(t,2). Do chi ¢6 t + 1 dudng thing nén theo nguyén li Dirichlet, ton tai 3 diém
trong 3t diém d6 nim trén cling 1 duong thing.
Ma 3t diém trén déu ndm & bieén ctia tam giac tao bdi cac duong z = 1,y = 1,2 +y = t+2.
Do d6 dé c6 3 diem trong 3t diém ciing nam trén 1 dudng thang thi duong thang d6 chi
c6 thé 1a 1 trong 3 dudng trén.
Do d6 1 trong 3 duong x = 1,y = 1,z + y = t + 2 phai thudc bo ¢ + 1 duong da cho.



On thi vao 10 chuyén toan 2

Néu z = 1 hosic y = 1, gid stt 1a z = 1 thuoc bo ¢t + 1 dudng da cho. Khi d6 ta loai bd
dudng théng nay cling cac diém trén né va tinh tién truc hoanh lén 1 don vi thi sé quy
vé truong hgp n = t, do d6 theo gid thiét quy nap thi & € {0, 1, 3}.

Néu z +y = t + 2 thuoc bo t + 1 duong da cho. Khi dé ta chi can loai bé duong thing
nay ciing cac diem trén né thi sé quy vé trudng hop n =t nén theo gia thiét quy nap ta
ciang duge k € {0, 1, 3}.

Do d6 khéng dinh ding véi n = ¢ + 1 nén theo nguyén li quy nap, ta dugc khéng dinh
diang Vn > 3.

Vay Vn > 3, céc gia tri k théa man luon thude tap {0, 1, 3}.

-

Bai 2. Cho cac duong tron 2 va I' ¢6 tam tuong ting la M va N sao cho ban kinh
ctia €2 nho hon ban kinh ctia I'. Gia st  va I' cdt nhau tai cac diém phan biet A
va B. Duong thang M N cit € tai diém C va cit I tai diém D, sao cho thit tu cac
diém tren duong thing do6 1an lugt 1a C, M, N va D. Goi P la tam dudng tron ngoai
tiép tam gidac ACD. Duong thing AP cit lai € tai diem E # A. Duong thang AP
cat lai I' tai diem F # A. Goi H la truc tam ctia tam gidc PMN. Ching minh
rang dudng thang di qua H va song song v6i AP tiép xtc véi dudng tron ngoai tiép
tam giac BEF'.

Loi giai: Goi O 1a tam duong tron ngoai tiép tam giac PMN.

Lay X,Y la trung diém AC, AD thi tit gia thiét ta dé& c6 X,Y thuoc PM, PN.

Do d6 ta duge ZAPM = ZAY X =90° — ZPYX =90° — ZPNM = ZOPM. Suy ra
P, 0, A thang hang.

Goi J 1a giao AP, MN. O" dbi xiing cia O qua MN. I 1a tam (BEF).
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Dé c6 B, J,O' thang hang va O'H || OP.

Ta chiing minh BJ 1a tiép tuyén (7).

That vay, do ZPCM = /PAM = ZAEM nén PCME noi tiép, do d6 ta dugec ZEBJ =
LEMJ = /JPC =2/APM =2/AY X =2/ADJ =2/AFB (*).

Suy ra JB la tiép tuyén (1), hay O'B la tiép tuyén (I).

Tiép theo ta chiing minh I thuoc trung triyc MN.

That vay, ta ¢c6 ZIMN = Z/IME = /BAE + /JBE = /JBA+ /JBE = /ZEBA =
/ZECA. Tuong tu ta c6 ZINM = ZADF.

2£4AD
Ma theo (*) ta c6 LECJ = S ZADJ nén AD || EC.

Tuong tu AC' || DF nén ta dugec LZECA = ZADF.

Do d6 ZIMN = ZINM nén ta dugc I thudc trung truc M N.

Bay gio goi L 1a hinh chiéu ctia I trén O'H thi do ZIO'H = ZO'OA = ZOOB nén ta c6
O'L d6i xtiing O'B qua O'I.

Do d6 IL = IB va ta suy ra O'H 1a tiép tuyén (I). Tt d6 ta duge dpem.

Bai 3. Ky hiéu Z- 1a tap hop cac s6 nguyén duong. Mot ham s6 f : Zwg — Zo
duoce goi 1a t6t néu
b — f(b)7@ chia hét cho f(a) (x)

v6i moi sd nguyén duong a va b.
Xac dinh 6 thyc ¢ nho nhat sao cho f(n) < c¢n v6i moi ham s6 t6t f va moi s6
nguyén duong n.

Lai giai: Goi P(u,v) 1a phép thé a = u,b = v vao (x).

Tt P(a,a) ta duge f(a)|a®. Do d6 Vp € P ta déu c6 f(p) = p*, k € N.

Gia st ton tai x sao cho f(x) # x. Néu ton tai vo han p sao cho f(p) > 1 thi véi nhiing
s6 p thda man f(p) > 1, tit P(p,z) ta dugc 2? — f(x)f® : f(p) : p.

Ma 2P = x (mod p); f(z)/® = f(z) (mod p).

Do d6 ta duge f(z) — x : p v6i moi p théa méan f(p) > 1.

Dicu nay 1a vo 1i do ta dang gid st p ¢6 vo han con f(z) — x 1a hing s6 khac 0.

Do d6 f(p) =1 Vp> M nguyén t6.

Ta chting minh f(p) =1 Vp > 2 nguyen t6.

That vay, gid sit ton tai py nguyen t6 1é thoa man f(pg) > 1 (1).

Theo dinh 1{ Dirichlet, ton tai vo han s6 nguyén t6 ¢ dang tpy — 1 (t € N).

Chon ¢ 1a s6 nguyén t6 ¢6 dang trén va théa man g > M.

Tit P(po, q) ta duge g7 — f(q)7®) : f(po).

Ma g > M nén f(q) = 1. Suy ra ¢ — f(q)7?) = ¢ — 1= (—1) — 1 = —2 (mod py).
Do d6 f(po) khong chia hét cho pg nén mau thuan véi (1).

Vay f(p) =1 Vp > 2 nguyén t6.

Bay gio ta chiing minh f(a) 1a lay thita ctia 2 v6i moi a nguyén duong.

That vay, gid st ton tai a sao cho f(a) ¢6 wéc nguyen t6 p. Khi d6 P(a,p) cho ta
fla) | p" = f(p)!@ =p*—1 = p[p"—1,vo li.

Do d6 f(a) = 2% v6i moi a nguyéen duong (k € N) (2).

Tuy nhién, do f(a)|a® nén véi a 1é thi f(a) cing 16, do d6 f(a) = 1 v6i moi a nguyén
duong lé.

Vay P(a,3) cho ta f(a)|3% — f(3)7® = 3% — 1 v6i moi a nguyén duong (3).

Ma v9(3* — 1) = v2(3 — 1) + v2(3 4+ 1) + v2(a) — 1 = va(a) + 2 v6i moi a nguyén duong
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chan.

Vi thé két hop véi (2), (3) ta suy ra f(a) < 4a Va € N*, a chin.

Suy ra f(a) <4a Va € N* (do f(a) =1 véi moi a 1é).

Thic 1a néu ton tai a sao cho f(z) # x thi phai ¢6 f(a) < 4a Va € N*.
Con néu f(z) = z Vox € N* thi hién nhién ta ciing c6 f(a) < 4a Va € N*.
Do d6 trong moi truong hop ta déu ¢6 f(a) < 4a Va € N*.

Lai c6 ham fy dugc xay dung nhu sau:

1,  a khong la lay thira cia 2

fola) =<2, a=2
4a, a la lay thua cua 2

théa man bai toan va c6 fo(a) = 4a véi a la lay thira ctia 2. Do d6 ¢ = 4 la gia tri nho
nhat théa man diéu kién bai toan.
Vay ¢ = 4 1a gia tri can tim.
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DAY 2

Bai 4. Mot uéc s6 thuc su ciia s6 nguyeén duong N 1a uéc nguyeén duong khac N
cua N.

Cho ay, as, ... 1a mot diy vo han cac s6 nguyén duong sao cho médi s6 hang co it
nhat ba uéc s6 thuyc su. Biét ring v6i moi n > 1, s6 hang a,; bing tong ctia ba
uéc s6 thuc su 16n nhat cia a,. Xac dinh tat ca cac gia tri c6 thé cia a;.

\

Loi giai: Xét mot s6 a, bat ki.
Gia st a, 18, goi d; < dy < ds 13 ba wéc thyc sy 16n nhat cia a,,. Theo dé bai:

an+1:d1+d2+d3§a—;+a€n+%<an
Ngoai ra dé& thiy a, 1 16 do di + da + d3 1é, nén ta c6 thé lip lai qua trinh trén va suy
ra a, > Gpy1 > Gpyo > ... Do d6 day (a,) bat dau giam tir a,. Vi cac s6 nguyen duong
khong thé giam mai nén day sé ding, mau thuan véi tinh chat day vo han.
Vay a,, chan.
Gia stt 3 1 a,. Goi 1,2,a,b 1a 4 u6c duong nhd nhat cta a,(1 < 2 < a < b;3 1 a,b). Ta
dudgc:

ay  Qn Gy
n - = - — < ay 1
An+1 9 + a + b a ( )
Néu 4 | n thi ta dugc a = 4 va a1 = a,.(3b + 4) khong chia hét cho 3.
. - n n " b+ 2 2b
Néu 4 1 n thi do a,41 chn va a, 1 = % + fn + % = an.% nén ta duge 2|ab.
a

Ma a 1a u6c 1é khong tam thuong nhé nhat cia a,, do dé a 1a sd nguyeén t6 va khi do ti
dinh nghia ctia b, ta c¢6 luon b = 2a. Dan dén:

n(2a% + 2 4
1 = — (2a +2 a+da) = an(a® +3a) = 3{ a1

Do d6 néu 3 1 a,, thi ta ciing c6 31 a,; 1. Tuong tu ta suy ra 31 a,, Vm >n

Tuy nhién khi d6 chitng minh nhu (1) ta lai suy ra day (a,) bat dau gidm tit a,. Vi thé
lai suy ra vo Ii.

Vay ta phai c6 3 | a,.

To6m lai, ta ¢6 6 | nVn > 1.

Dat a; = 6t (t € N*). Ta xét 2 truong hgp sau:

THI1: t 1é

Gia st b | t. Dat t = bu (u € N*, w 1é).

:>a2:%+%+%:15u+10u+6u:31u:>a2 1¢, mau thuan.

Dod65it=as= 2+ 2L+ 2% g =6t

2 3 6
Ctt tiép tuc nhu vay ta duge a, = 6t Vn > 1 (t/m).
TH2: t chin 13
Tadugc as = 2+ 20 19— 22N N3 6 gy = 6.12 | ar = 12 | £.

2 3 4 12 ]
Diat t = 12%.s v6i k, s € N*, s khong chia hét cho 12.

a a a 13a
:>a2:—1+—1—|——1= !

=13.6.12k1 3.
s T3t~ 1 ~ 136 °
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Ctt tiép tuc nhu vay ta dude ap, = 13%.6.s.

Gia stt s chan, tuong tu nhu ¢ chin, ta sé suy ra s chia hét cho 12, vo li.

Do dé6 s 1é.

Giéi tuong tu TH1 ta suy ra 51 s thi théa man.

Két hop ca 2 trusng hop ta suy ra cac gia tri a; thoa man diéu kién bai toan 1a a; = 6.12%.s
v6i k,s € N, (s,10) = 1.

e 2

Bai 5. Alice va Bazza choi tro choi Uc, mot trd choi hai ngudi ma luat choi phu
thudc vao mot s6 thuc duong A ma ca hai nguoi déu biét. Tai lugt thi n clha tro
choi (bat dau véi n = 1), diéu sau day dién ra:

e Néu n la s6 18, Alice chon mot s6 thyc khong am z,, sao cho

$1+$2+"'+xn§)\n.

e Néu n la s6 chan, Bazza chon mot s6 thie khong am x,, sao cho

i+ a3+ a2l <n.

Néu mot nguoi khong chon duge mot s6 z,, hop 1é thi tro choi két thic va nguoi
kia thang cudc. Néu tro choi kéo dai vo han thi khong ngudi nao thing cuoc. Ca
hai nguoi déu biét tat ca cac s6 da dugce chon.

X4c dinh tat ca cac gia tri clia A sao cho Alice c6 chién luge thing cuoc va tat ca
cac gia tri clia A sao cho Bazza c6 chién luge thang cuoc.

. J

Loi giai: Ta xét cac truong hgp sau:
2 P .
TH1: \ > \/7— Ta chiing minh A la nguoi ¢6 chien thuat thang.
That vay, ban dau & cac lugt choi clia minh, A chon x; = 0,25 =0, .. ..
Thi do @y + @4 + ... + 2o, < k(22422 + ... +22,) nén néu B ¢6 thé chon duge dén
Top thi ta sé co m%—l—xi—i—...—l—x%k < 2k. Do d6 o + x4 + ... + Top < kV2 < 2k,
Vi thé A ctt chon xq;; = 0 13 dugc.
Bay giv, ta sé tim chi s kg dé dén lugt 2kg+1, A c6 thé chon wop, 1 = (2ko+1)A—kov/2 > 0
sao cho B s& khong thé chon oy, 2 nita.
That vay, V6i cach chon wgy,+1 nhu trén, ta sé co:

To+ g+ ...+ L2kg + L2ko+1 S k’o\/§—|— (Qko + 1))\ - ]{?0\/5 = (2]{?0 + ]_)/\

Do d6 day I Tuon I Tugt choi hop e ciia A, Vo,
Tuy nhien khi d6, 23 + 23 + ... + 22, + 23, ., > 23, 11 = [(2ko + DA — kov/2)2.
Va do limg_s 400 ([(2k + 1)A — kv/2]? — 2(k 4 1)) = +00 nén ton tai ko sao cho

[(2ko + )X — kov/2)? > 2(ko + 1)

Do d6 véi gid tri ko nay, B khong thé tiép tuc chon dugc oy, 2 nita.
Ta dugc A thang.

2 P .
TH2: \ < \/7_ Ta chitng minh B la ngudi c6 chién thuat thang.
That vay, 6 lugt thit nhat, A chon x; thda man z; < X thi B chon 2y = /2 — 22 > 0.
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V6i mdi k > 1, néu t6i lugt 2k + 1, A van c6 thé thuce hién luot choi ctia minh, thi & luot
tiép theo, B chon wop o = /2 — $%k+1' Ta ching minh cach chon nay luén thoéa man.

Do cach chon ctia B, ta c6 22, | + 2%, = 2Vi = 1, k.

VA ta c6 To; 1 + o > /13, + 13 =2 > 2\ Vi =1,k (%)

Két hop @1 + 2o + ... + Tope1 < (2k + 1)\ ta suy 1a o1 < A < V2.
Do d6 xoky2 > 0 nén cach chon trén ctia B thoa man.

Ta chiing minh dén mot lac nao dé6 A sé khong chon dugce nita.

That vay, do cach chon trén thi tir () ta ludn co:

$1+$2+...+$2k+12k}\/§

Ma véi k di 16n thi ta c6 kv/2 — (2k +2)A > 0. Do d6 A khong thé chon dugc 2go nita.
Ta duge B thing.

TH3: \ = - Ta chiing minh khong ai c6 chién thuat thang.

That vay, theo TH1 thi § cic lugt chdn ctia minh, A chi can chon z; = 0,23 =0,.. ..
Do @y + a4+ ... + mox < k(23 + 22+ ...+ 22,) nén néu B c6 thé chon duge dén xg
thi ta s8 c6 ¥2 + 22 + ... + 22, < 2k. Do d6 mg + 24 + ... + 29, < kV/2 = 2k,

Vi thé A ctt chon 2951 = 0 nhu TH1 14 sé thoa man.

Con v6i B, 6 lugt thit nhat, A chon z; théa man z; < \ < V2 thi B chon xy = /2 — z2.
V6i mbi k > 1, néu t6i luot 2k + 1, A vAn c6 thé thuc hién lugt choi ctia minh, thi & lugt
tiép theo, B chon #gp42 = /2 — 23, ;. Ta chiing minh cach chon nay luon théa man.

Do céch chon clia B, ta c6 23, + 23, =2 Vi=1,k.

VA ta c6 Tg; 1 + 2y > /13, 15 = V2 =2\Vi= 1,k (%).

Két hop o1 + o + ... + Topr1 < (2k + 1) ta suy ra xopg < A < V2.
Do d6 xop2 > 0 nén cach chon trén cua B théa méan.

Vay khong ai 13 nguoi c6 chién thuat thang trong truong hop nay.

, ) , . 3
Tém lai, néu A > g thi A Ta ngui 6 chién thuat thing, néu A < 2 thi B Ia ngui c6

. . . 2 . .
chién thuat thang, neu A\ = % thi khong ai c¢6 chien thuat thang

s N

Bai 6. Cho mot bang 6 vuong kich thuée 2025 x 2025. Matilda muén dat lén bang
mot s6 vien gach hinh chit nhat, kich thudc cé thé khac nhau, sao cho méi vién pht
khit mot s6 6 vuong don vi ctia bang va mdi 6 vuong don vi duge pht bdi khong
qua mot vién.

Xac dinh s6 nhé nhat cac vien gach ma Matilda can dit sao cho trén mdi hang
cling nhu trén moi cot cta bang ¢6 ding mot 6 vuong don vi khong duge phu béi
cac vien gach.

L

Lai giai: Dau tien ta c6 bd dé sau: Cho day s6 x1, @, . .., T, va a la do dai ctia diy con
tang dai nhat, b 1a do dai ctia ddy con gidm dai nhat thi ab > n va khi a-b = n thi 2 tap
nay c6 1 phan tit chung.

Chitng minh: V6i méi phan tit z;, trong day (tai vi trf k), ta gdn cho né mot cip toa
do (ig, Jx), trong do:

e i, 1a do dai clia day con tang dai nhat két thic tai chinh phan tit 2.

e j, 1a do dai ciia day con giam dai nhat két thic tai chinh phan ti .
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Ta s& chiing minh rang tat cd n cap toa do (ix, jx) nay la phan biet. Gia sit ton tai hai
phan t1t 2 va x; v6i vi trf k < [ nhung lai c6 cung cap toa do: (ix,jx) = (i1, ;). Ta xét
hai truong hop:

e Truong hop 1: x;, < 1y
Vi x5, < 1, ta ¢6 thé them x; vao cudi day con tang dai nhat két thic tai ) (do
dai 1a 4;) dé tao ra mot day con tang mdi két thic tai ;. Day mdi nay sé c6 do dai
it nhat 1a 7, + 1. Do d6, do dai ctia day con tang dai nhat két thic tai z; phai thoa
man 4; > i, + 1. Diéu nay mau thudn véi gia thiét ban dau 1a i; = iy.

e Trudng hop 2: z; > z
Tuong tu, vi ;, > 7, ta c¢6 thé thém z; vao cudi diy con giam dai nhat két thic
tai o, (do dai 1 j;) dé tao ra mot day con gidam mdi két thic tai ;. Day mdi nay
sé ¢6 do dai it nhat 1a j, + 1. Do do, do dai ctia day con gidm dai nhat két thic tai
x; phéi théa man j; > j, + 1. Diéu nay cling mau thuin véi gia thiét ban dau la
Ji = Jk-

Vi moi truong hop déu dan dén mau thudn nén diéu gia sit sai. Vay, tat cd n cip toa do
(ix, jx) phai 1a duy nhat.

Ta c¢6 a 1a do dai day con ting dai nhat ctia toan bo day, nén 1 < i, < a véi moi k.
Tuong ti b 14 do dai day con gidm dai nhat clia toan bo day, nén 1 < j, < b v6i moi k.
S6 lugng cac cap toa do (i,) duy nhat c¢6 thé c6 la a - b.

Ta c6 n phan tit, tuong ting véi n cip toa do duy nhat. Nen theo nguyén 1i Dirichlet thi
n < ab.

Khi ab = n, diéu nay c6 nghia la s6 lugng phan tit trong day ding bang s6 lugng cac cip
toa do c6 thé c6. Do d6, véi moi cap s6 nguyen (4,7) théaman 1 <i<aval<j<b,
phai ton tai duy nhat mot phan tt trong day duge gan véi cap toa do (i, 7).

e Hay xem xét tap hop céc phan tit ¢6 toa do dang (i, 1) véi i chay tit 1 dén a. Cac
phan t1t nay, khi duge siap xép theo ding thit ty xuat hién trong day ban dau, sé
tao thanh mot day con tang c6 do dai a 1a day con tang dai nhat.

e Tuong tu, hiy xem xét tap hop cdc phan tit c6 toa do dang (1,7) v6i j chay tir 1
dén b. Cac phan t1t nay, khi duge sap xép theo dung thi tu xuat hién, sé tao thanh
mot diy con gidm c6 do dai b. Day chinh 13 mot day con gidm dai nhat.

C& hai day con nay déu chita phan tit ¢6 toa do (1,1). Do d6, khi ab = n, ton tai mot
didy con tang dai nhat va mot day con gidm dai nhat c¢6 chung mot phan ti.

Bay gio quay trd lai bai toan, coi cac 6 vuong chua duge che phii la mot hoan vi, ap dung
b6 dé trén thi ta c6 mot dusng thing di qua a 6 tinh tit géc dudi ciing bén trai len goc
trén cling bén phai va ngudc lai véi b 6 tinh tit trén cting bén trai xuoéng duéi cing bén
phéi (tuong duong véi day con tang va gidm dai nhat) khi d6 néu ab = n? thi 2 duong
thing nay giao nhau & ding 1 6.

Dé ¥ ring 2 duong thang nay chia toan bo 6 vuong 16n thanh 4 phan, ta goi lan lugt 13
phan trén, phan dudi, phan trai va phan phai. Déi véi cdc 6 vudng & phan trén, ta to
mau canh trén, va ci tiép tuc nhu vay cho 3 phan con lai.

Mt khac déi véi cac 6 vuodng a, b sé ndm & 2 phan khac nhau nén déi véi cac 6 vuong a,
néu ching nam giita phan dudi va phan trai, hay t6 mau cho ca canh duéi va canh trai,
va néu chiing ndm gitta phan trén va phan phai, hiy t6 mau cho ci canh trén va canh
phai. Tuong tir nhu vay déi véi cac 6 vuodng b ti trén ciing bén trai xuéng duéi cling bén
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phéi. Va néu c6 hinh vuoéng chung & ci 2 dudng thing thi ta sé to6 mau lén ca 4 canh ctlia
hinh vuong dé.

Do c6 n? 6 tong cong nén ta to mau it nhat n? +a + b canh. Néu a = b thi c¢6 mot 6 giao
nhau bi tinh hai lan, nén nguoi ta to mau them 1 canh (6 d6 da dugc t6 mau "them"
(mot cho day con tang dai nhat, mot chd cho diy con gidm dai nhat) nhung c6 thé tring
nhau vé cing mot canh (vi du c& hai déu chon canh trén ctia 6 chung)).

Nhu vay, trong thic té ta chi c6 mot canh duge t6 mau, khong phai hai) vi vay nén ching
ta chi cong 1.

Ta thay rang moi hinh chit nhat chi cham t6i da mot canh duge danh dau, va ngoai trit
4 canh ngoai cling ctia hinh vuong 16n, tat cad cac canh con lai déu phai duge cham béi
mot hinh chit nhat. Do d6, ta can it nhat

n+a+b+1—4>n’+2n+1—-—4=n>+2n—-3

Dau bang x4y ra khi a = b = n.
Ap dung khi n = 45 thi ta can it nhat 2112 hinh chi nhat.



